Abstract. In this paper we consider questions of completeness for spaces of continuous functions on a half line which satisfy appropriate growth conditions. The results obtained have consequences in the theory of entire functions with gap power series. In particular we show that, under an appropriate gap hypothesis, the rate of growth of an entire function in the whole plane is determined by its rate of growth along any given ray.
The growth of M(r,f) will be measured by comparing it with that of a given function H(r). We shall always suppose that H(r) is a positive increasing function defined for 0 < r < oo and that ( 
1.3) h(s) = log H(es)
is a convex function of s. We shall assume, in fact, that h(s) has a positive second derivative at every point. This simplifies some of the proofs and is not an important restriction. We shall also insist that, for each integer n, ( 
1.4) r-nH(r)--+oo (r--+oo).
mined by the behaviour of f(z) along any given ray emanating from the origin. We shall always suppose such a ray to be the positive real axis, but this, of course, involves no loss of generality. Our theory applies to functions with an arbitrary rate of growth, but, as some of our theorems are known in the case of functions of finite order-i.e. functions for which p= lim sup log log M(r) < 00 p r-+ oo log r it may be advantageous to think of the functions H(r) as growing very rapidly indeed.
Using the methods of [1] , the following theorem is easily proved. THEOREM 
Suppose that(')
(1.5) LA-' < 0o.
Then the hypothesis (1.6) If(x)I < H(x) (O < x < oo) implies that, for each a> 1, there is a constant A such that (1.7) M(r,f) < AH(orr) (O < r < so).
This extends a theorem of Gaier [6] . In Gaier's theorem, condition (1.6) is replaced by the hypothesis thatf has finite order p and mean type Talong a ray, and (1.7) is replaced by the conclusion thatf has order p and type Tin the whole plane.
Our initial aim in writing this paper is to examine the extent to which the gap condition (1.5) can be relaxed if one takes into account the rate of growth of f(z). This question is discussed in ?2. The arguments used depend very strongly on the work of Malliavin [11] For 0< o < oo, let E., denote the set of all entire functions f(z) satisfying (1.9) and (1.10). From the above remarks we have that Vc E, (a> 1).
On the other hand, iff E , (a < 1), then it is easily seen (as in Theorem 4 below) that the partial sums of its power series expansion converge to f(z) in the 11 * 
S
The h-order reduces to the usual notion of order in the case when h is the exponential function. We shall also speak of a function having h-order p "along a ray" or "in an angle", the definitions being the obvious ones.
Two increasing convex functions, h(s) and k(s), will be said to be comparable if the limit The sufficiency is immediate. For the necessity, we note that Ln may be extended to the whole of SH by the Hahn-Banach theorem and therefore may be represented in the appropriate form. We now prove a lemma which implies that the sequence {XAn} is free in SH whenever V is not dense in SH. The proof of the lemma requires some remarks concerning the properties of convex functions.
Suppose that g(x) is a convex function of x with the property that On combining these results, we obtain that, if x ' 6, 
We may write this in the form log t2HO(t) = max {x log t-k(x)}.
x Thus (3.14) t2HO(t) < max {tx exp (-k(x))} < max 
by (3.13) provided that the maximum value of x log t -k(x) is assumed for a value of x> 6. This will be the case as long as t is large enough-say t Ypo, where po is a constant which depends only on the function H(s).
We choose t=p>po in (3.14) and obtain that, for p_po, p2Ho(p) ? 2K/Av. Hence ApH(p +1) ? 2K/p2 (p > po).
We therefore conclude that We require two lemmas. LEMMA (s) is defined by (3.1) . We may assume that Sk> 2Sk 1 and so 00 h (A(s) -a) dsI > 002 i h(A(s) -a) The function k(r) is said to be asymptotically increasing if the function k(r) -ko(r) is bounded (0 < r < oo). The quasi-logarithmic density Dt(A), defined by (7.1) above, turns out to be the greatest lower bound(2) of the set of all a for which a log x -L(x) is asymptotically increasing.
Suppose that log h(s) is a convex function of s. Then V is dense in SH if Dh(A) > and V is not dense in SH if
The function g(z) will be assumed to be analytic at the origin with a gap power series expansion of the form 00 (7.3) g(z) = czn n=O in which cn = 0 (n 0 A).
